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ABSTRACT

Physics-Informed Neural Networks (PINNs) learn compressed representations of physical systems
in their latent spaces, but how these representations encode physical parameters like viscosity is not
fully understood. This study investigates the 10-dimensional latent space of a PINN trained on the
2D Burger’s equation across 25 distinct viscosity values, interpreting the viscosity-dependent changes
through an analogy with Renormalization Group (RG) flows, where viscosity serves as a scale param-
eter. Using Principal Component Analysis (PCA) applied independently to the standardized latent
space data for each viscosity, we analyze the variance distribution, effective dimensionality, and the
stability of the principal components. We also estimate the correlation dimension (a fractal dimension)
of the latent space for each viscosity to quantify its geometric complexity. Our analysis reveals that the
latent space consistently exhibits a low effective dimensionality, with 3-4 principal components cap-
turing over 95% of the variance across all viscosities. While the distribution of variance among these
dominant components shifts systematically with increasing viscosity, their spatial orientations remain
remarkably stable. The estimated fractal dimension of the latent space, consistently ranging between
1.5 and 1.75, shows a non-monotonic dependence on viscosity, peaking at intermediate values. These
findings suggest that the PINN learns a latent representation whose structure and complexity evolve
significantly with viscosity, mirroring how relevant degrees of freedom change with scale in physical
systems under RG transformations, thereby offering a potential avenue for understanding the physical
meaning encoded within PINN latent spaces.
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1. INTRODUCTION

Physics-Informed Neural Networks (PINNs) have
emerged as a promising approach for solving partial dif-
ferential equations (PDEs) by embedding physical laws
directly into the learning process. This integration of
data and physics allows PINNs to learn solutions that
are not only accurate but also physically consistent. A
common characteristic of deep learning models, includ-
ing PINNs, is the formation of compressed, internal rep-
resentations of the input data within their hidden layers,
often referred to as the latent space. This latent space
is hypothesized to capture the essential features and un-
derlying structure of the system being modeled.

While PINNs demonstrate remarkable success in solv-
ing complex physical problems, a fundamental challenge
lies in interpreting the learned representations. Specif-
ically, understanding how crucial physical parameters,
such as viscosity, diffusion coefficients, or reaction rates,

are encoded within the latent space remains largely un-
explored. These parameters profoundly influence the
qualitative and quantitative behavior of physical sys-
tems described by PDEs. The non-linear and opaque na-
ture of neural networks makes it difficult to directly as-
certain how variations in these parameters are reflected
in the structure and content of the learned latent repre-
sentation. This interpretability gap hinders our ability
to fully leverage PINNs for scientific discovery and to
gain physical insights from their internal workings.

In this study, we address this challenge by system-
atically investigating the structure of the latent space
within a PINN trained on the two-dimensional Burger’s
equation. Burger’s equation serves as a simplified yet
representative model for fluid dynamics, exhibiting es-
sential non-linear transport phenomena and the forma-
tion of shock-like structures, whose characteristics are
strongly modulated by viscosity. We focus on analyz-
ing the 10-dimensional latent space of the PINN across
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a range of 25 distinct viscosity values. By treating vis-
cosity as a parameter that effectively probes the sys-
tem’s behavior at different levels of dissipation, we aim
to understand how this key physical property shapes the
learned representation.

To quantitatively characterize the latent space struc-
ture and its dependence on viscosity, we employ
two complementary dimensionality analysis techniques.
First, we apply Principal Component Analysis (PCA)
independently to the latent space data corresponding to
each viscosity value. PCA allows us to identify the dom-
inant directions of variance within the latent space, as-
sess its effective dimensionality (i.e., the number of com-
ponents required to capture most of the variance), and
examine the stability and evolution of these principal
components as viscosity changes. Second, we estimate
the correlation dimension, a type of fractal dimension,
for the point cloud formed by the latent space data at
each viscosity. The fractal dimension provides a mea-
sure of the geometric complexity and the intrinsic di-
mensionality of the data manifold embedded within the
10-dimensional space, offering a different perspective on
how the latent representation’s structure changes with
viscosity.

Our analysis is framed through an analogy with con-
cepts from the Renormalization Group (RG) theory in
physics. RG theory describes how the relevant degrees of
freedom in a physical system change as the observation
scale is varied. We propose that the viscosity parameter
in Burger’s equation can be seen as analogous to a scale
parameter in an RG flow. Consequently, the observed
changes in the latent space structure — specifically, shifts
in the distribution of variance among principal compo-
nents, alterations in effective dimensionality, and varia-
tions in geometric complexity as revealed by the fractal
dimension — can be interpreted in parallel with how rele-
vant modes or features emerge, disappear, or change im-
portance in an RG transformation. By quantifying these
changes across viscosities using PCA and fractal dimen-
sion analysis, we seek to shed light on how the PINN’s la-
tent space encodes physical parameters and explore the
potential for interpreting these learned representations
using established theoretical frameworks from physics.

2. METHODS

In this section, we describe the methodology employed
to investigate the viscosity-dependent structure of the
latent space within a Physics-Informed Neural Network
(PINN) trained on the 2D Burger’s equation. Our ap-
proach involves loading and preparing the latent space
data across various viscosity values, performing dimen-
sionality analysis using Principal Component Analy-

sis (PCA), quantifying geometric complexity via frac-
tal dimension estimation, and analyzing the evolution
of these metrics as a function of viscosity. These quanti-
tative analyses form the basis for interpreting the latent
space dynamics through an analogy with Renormaliza-
tion Group (RG) flows, as introduced in the preceding
section.

2.1. Data Description and Preparation

The data analyzed in this study originates from a
pre-trained Physics-Informed Neural Network (PINN)
designed to solve the two-dimensional Burger’s equa-
tion. The PINN was trained on solutions of the equa-
tion sampled across a spatial grid and time points,
and crucially, for a range of different viscosity val-
ues. The raw data is provided in a NumPy binary file
(data_for_Paco_turbulence bundle.npy).

Upon loading, the data bundle has a shape of
(101,103,25,13). These dimensions correspond to dis-
cretizations along the spatial x-coordinate (101 points),
time t (103 points), a parameter index representing dif-
ferent viscosity values (25 indices), and features (13 com-
ponents). The 13 features include the spatial coordinate,
time, viscosity value itself, and 10 components repre-
senting the latent space activation values from a specific
layer within the trained PINN.

We first extract the unique viscosity values corre-
sponding to the 25 parameter indices. These values are
consistently stored in the third feature component across
all spatial and temporal points for a given index. Let
these extracted unique viscosity values be denoted by v;
fori=0,...,24.

The primary focus of our analysis is the 10-
dimensional latent space. We isolate the data corre-
sponding to these 10 dimensions, which occupy the last
10 components of the feature axis (indices 3 through
12). This results in a tensor of shape (101, 103,25, 10),
where the last dimension represents the 10 latent space
features for each spatial point, time point, and viscosity
setting.

For subsequent analysis methods like PCA and frac-
tal dimension estimation, which typically operate on
point clouds, the latent space data for each individual
viscosity value must be reshaped. For a given viscos-
ity index ¢, the (101,103, 10) slice of latent space data
is reshaped into a 2D matrix of shape (101 x 103, 10).
Each row in this matrix represents a sample point in the
10-dimensional latent space, corresponding to a unique
combination of spatial position and time for that specific
viscosity. The total number of samples per viscosity is
101 x 103 = 10403.



2.2. Ezploratory Data Analysis

Prior to applying dimensionality reduction techniques
like PCA, it is crucial to understand the basic statisti-
cal properties of the latent space dimensions. PCA is
sensitive to the scale of variables, and standardization
is generally recommended if variables have significantly
different means or variances.

We performed an exploratory data analysis (EDA) on
the reshaped 10-dimensional latent space data for se-
lected viscosity values. Specifically, we examined the
data corresponding to the first (index 0), middle (index
12), and last (index 24) viscosity values in our set of
25. For each selected viscosity, we computed the mean,
standard deviation, minimum, and maximum values for
each of the 10 latent space dimensions across all 10403
samples. This analysis revealed that the latent space di-
mensions exhibit varying ranges and scales depending on
the viscosity, confirming the necessity of standardizing
the data before applying PCA.

2.3. Principal Component Analysis

Principal Component Analysis (PCA) is a linear di-
mensionality reduction technique that identifies the di-
rections (principal components) in which the data varies
the most. For each of the 25 distinct viscosity values, we
applied PCA independently to the corresponding latent
space data.

For a given viscosity v;, the reshaped latent space data
matrix X,, of shape (10403, 10) was first standardized.
Standardization involves subtracting the mean and di-
viding by the standard deviation for each of the 10 latent
v; —mean(X,,)

std(Xy,)
standard deviation are computed column-wise across the
10403 samples. This ensures that each latent dimension
has zero mean and unit variance, preventing dimensions
with larger scales from dominating the PCA.

PCA was then performed on Xﬁfd. This involves com-
puting the covariance matrix of X5 and finding its
eigenvalues and corresponding eigenvectors. The eigen-
vectors, sorted by their corresponding eigenvalues in
descending order, are the principal components (PCs).
The eigenvalues indicate the amount of variance in the
data captured by each PC. We obtained 10 eigenvalues
and 10 orthonormal eigenvectors for each viscosity.

A key output of PCA is the explained variance ratio
for each principal component, calculated as the eigen-
value of the component divided by the sum of all eigen-
values. This ratio quantifies the proportion of the total
variance in the standardized data that lies along each
principal component direction.

. . X
dimensions: X ,ﬁtd = where the mean and

2.4. Analysis of PCA Results Across Viscosities
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After performing PCA for each of the 25 viscosity val-
ues, we analyzed how the results change as viscosity
varies.

2.4.1. Eigenvalue Spectrum and Effective Dimensionality

We examined the spectrum of explained variance ra-
tios for each viscosity. By calculating the cumulative
explained variance, we determined the number of princi-
pal components required to capture a certain percentage
(e.g., 90% and 95%) of the total variance. This number
serves as a measure of the ”effective dimensionality” of
the latent space at a given viscosity. We then analyzed
how this effective dimensionality changes as a function
of the actual viscosity value, looking for trends or sig-
nificant shifts.

2.4.2. Principal Component Evolution

To assess the stability and evolution of the principal
component directions across different viscosities, we fo-
cused on comparing the dominant principal components
(typically the first few, which capture most of the vari-
ance). For each pair of successive viscosity values v; and
Vi+1, we calculated the absolute value of the cosine sim-
ilarity between the k-th principal component vector at
v; and the k-th principal component vector at v;41, for
k=1,2,.... The cosine similarity between two vectors
aand b is W. Since principal components are unit
vectors, this simplifies to the dot product a - b. The
absolute value is taken because the direction of a prin-
cipal component is arbitrary (a PC v is equivalent to
—v). A cosine similarity close to 1 indicates that the
component’s direction is highly stable between succes-
sive viscosities, while a value close to 0 suggests a sig-
nificant change in orientation. We tabulated these simi-
larity scores for the leading principal components across
all viscosity transitions to quantify their stability.

2.5. Fractal Dimension Analysis

As a complementary measure of the latent space’s geo-
metric complexity, we estimated its fractal dimension for
each viscosity value. The fractal dimension provides in-
sight into how densely the data points fill the space and
can reveal whether the data lies on a lower-dimensional
manifold embedded within the 10-dimensional latent
space. We chose to estimate the Correlation Dimension,
a widely used measure for point clouds.

For each viscosity v;, we used the reshaped 10-
dimensional latent space data X,, (shape (10403, 10)).
While some fractal dimension estimators are scale-
invariant, using the standardized data X f;:d (as used for
PCA) is also a valid approach, ensuring consistency in
the scale of dimensions. We applied the Grassberger-
Procaccia algorithm to estimate the Correlation Dimen-
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sion. This algorithm involves calculating the correlation
sum C(e) as a function of radius e, which counts the
number of pairs of points within a distance e of each
other. For a dataset lying on a fractal manifold of di-
mension D, the correlation sum scales as C(e) o< P for
small e. The Correlation Dimension is then estimated
from the slope of log C(¢) versus loge in the scaling re-
gion.

Careful selection of parameters for the algorithm, such
as the range of radii € to probe and the method for iden-
tifying the scaling region, is crucial for obtaining reliable
estimates. We systematically applied this estimation
procedure to the latent space data for each of the 25
viscosities and recorded the estimated Correlation Di-
mension values. We then analyzed how this estimated
fractal dimension varies as a function of the viscosity
value.

2.6. Synthesis for Renormalization Group Analogy

The quantitative results obtained from the PCA anal-
ysis (specifically, the evolution of explained variance, ef-
fective dimensionality, and principal component orienta-
tions) and the fractal dimension analysis are synthesized
to interpret the viscosity-dependent changes in the la-
tent space structure. As outlined in the introduction,
we draw an analogy between the viscosity parameter in
Burger’s equation and a scale parameter in Renormal-
ization Group (RG) theory. The observed systematic
changes in the latent space’s dimensionality and com-
plexity as viscosity varies are discussed in parallel with
how relevant degrees of freedom or effective descriptions
of a physical system change under RG transformations
across different scales. This provides a framework for
understanding how the PINN’s learned representation
encodes a fundamental physical parameter.

3. RESULTS

In this section, we present the detailed results of our
analysis of the 10-dimensional latent space of the PINN
trained on the 2D Burger’s equation. We examine how
the structure and complexity of this space change as
a function of viscosity, employing Principal Compo-
nent Analysis (PCA) and fractal dimension estimation.
These findings are then interpreted through the lens of
a Renormalization Group (RG) analogy, where viscosity
serves as a scale parameter.

3.1. Latent space characterization: Initial observations

As described in the methods section, an initial ex-
ploratory data analysis (EDA) was conducted to under-
stand the basic statistical properties of the 10 latent
space dimensions (L1-L10) across different viscosity val-

ues. 77 provides a summary of the mean, standard devi-
ation, minimum, and maximum values for selected vis-
cosities (lowest, middle, and highest).

Table 1. Summary of EDA Statistics for Selected Viscosities
(IMustrative)

Visc. Index Viscosity Latent Dim. Mean Std. Dev. Min
0 0.0100 L1 0.455 0.980 -1.999
0 0.0100 L2 -0.279 0.706 -5.824
12 0.1000 L1 0.388 0.663 -1.113
24 1.0000 L1 0.217 0.629 -1.541

?? (derived from a more extensive analysis) clearly
shows that the latent dimensions have varying means
and standard deviations, and their ranges differ signif-
icantly both across dimensions and across viscosities.
For example, at v = 0.01, L1 has a standard devia-
tion of 0.980, while at v = 1.0, its standard deviation is
0.629. Such variations necessitate the standardization
of the latent space data (to zero mean and unit vari-
ance for each dimension, per viscosity) before applying
PCA. This preprocessing step ensures that the variance
captured by principal components reflects the intrinsic
structure of the data manifold rather than being domi-
nated by arbitrary scaling differences among the latent
variables. All subsequent PCA and fractal dimension
analyses were performed on these standardized datasets.

3.2. Principal component analysis of latent space
dynamics

PCA was applied independently to the standardized
10-dimensional latent space data for each of the 25 vis-
cosity values. This allowed us to study the evolution
of the latent space’s variance structure and effective di-
mensionality with changing viscosity.

3.2.1. Ezxplained variance and effective dimensionality

The distribution of variance among the principal com-
ponents (PCs) provides insight into the effective dimen-
sionality of the latent space. As illustrated in 7?7, the
explained variance ratio (EVR) spectrum across all 25
viscosities shows a consistent pattern: the variance is
heavily concentrated in the first few principal compo-
nents for all viscosity values.

Specifically, the first principal component (PC1) con-
sistently captures the largest fraction of the total vari-
ance. However, the dominance of PC1 decreases system-
atically as viscosity increases. 77 presents the EVRs for
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Figure 1. Explained variance ratio (EVR) spectrum for
principal components (PCs) across 25 viscosity values, col-
ored by viscosity (colorbar). Variance is concentrated in the
first few PCs. As viscosity increases, PC1 dominance de-
creases while PC2 and PC3 relative importance increases,
showing the shift in variance distribution among dominant
latent space modes.

the first few PCs for selected viscosities. At the lowest
viscosity (v = 0.01), PC1 accounts for approximately
70.95% of the variance. As viscosity increases, the EVR
of PC1 drops significantly, reaching 55.00% at v = 0.1
and 39.29% at v = 1.0. This decrease in PC1’s relative
importance is compensated by a corresponding increase
in the EVRs of PC2 and PC3. PC2’s EVR rises from
15.78% at v = 0.01 to 24.38% at v = 0.1 and 32.49% at
v = 1.0. Similarly, PC3’s EVR increases from 10.59%
to 16.12% and 21.75% over the same viscosity range.
The remaining components (PC4-PC10) explain a much
smaller, albeit slightly increasing, fraction of the total
variance.

Table 2. Explained Variance Ratios (EVR) and Number of
PCs for Variance Thresholds (Selected Viscosities)

dimensional latent space is confined to a 3-dimensional
subspace, regardless of viscosity.

Number of PCs to Explain Variance Thresholds vs. Viscosity
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Figure 2. Number of principal components (PCs) required
to explain 90% and 95% of the variance in the 10-dimensional
latent space as a function of viscosity. The plot shows that
3 PCs consistently explain 90% of the variance across all
viscosities, while 4 PCs are needed to explain 95% of the
variance at higher viscosities, indicating a consistently low
effective dimensionality of the latent space.

Considering a higher threshold of 95% cumulative
variance reveals a subtle transition. As shown in 77 and
??, for lower viscosities (up to approximately v = 0.1,
index 12), 3 PCs are sufficient to explain 95% of the
variance. However, for viscosities greater than v =~ 0.1
(starting from index 13, v =~ 0.1212), 4 PCs are required
to reach the 95% threshold. This shift suggests that as
viscosity increases beyond a certain point, the variance
becomes slightly more distributed among the top com-
ponents, requiring the inclusion of PC4 to capture the
same high percentage of total variability. Despite this
subtle change, the latent space remains effectively low-
dimensional (3 or 4 out of 10 dimensions).

Visc. Idx Viscosity PCs for 90% PCs for 95% EVR_PC1

EVR_PC2 EVR_PC3

0 0.0100 3 3 0.7095
4 0.0215 3 3 0.6980
9 0.0562 3 3 0.6477
12 0.1000 3 3 0.5500
13 0.1212 3 4 0.5142
18 0.3162 3 4 0.4422
24 1.0000 3 4 0.3929

0.1578 3.4.10 10kebtity of principal components

Tocamderstandsshether the directions defining the
pongpgl compopents change with viscosity, we calcu-
labesli3de cosineggimilarity between the top three PCs
(Rf21PC2, PLBust consecutive viscosity values v; and
Vigps78¢ andglbhghow these similarities for all and se-

legtgd,yiscosify paiys, respectively.

The effective dimensionality, defined by the number

of PCs required to explain a certain percentage of the
variance, is consistently low. ?? shows that across all 25
viscosities, only 3 principal components are needed to
capture at least 90% of the total variance. This indicates
that the vast majority of the linear variability in the 10-

The Tesults indicate a remarkable stability in the ori-
entation of the dominant principal components. As seen
in 7?7 and 7?7, the cosine similarities for PC1, PC2, and
PC3 are consistently very close to 1.0 across the entire
range of viscosity transitions, generally exceeding 0.988.
This means that the directions in the 10-dimensional
latent space along which the data exhibits the most
variance remain largely unchanged as viscosity varies.



Cosine Similarity of Top PCs between Successive Viscosities

o
©
@

o
©
a

Cosine Similarity (unitless)

14
©
2

0.92
—e— Sim(PC1)

Sim(PC2)
—e— Sim(PC3)

102 10!
Viscosity (log scale, unitless) - (Start of viscosity pair v_i, v_{i+1})

Figure 3. Cosine similarity of the top three principal com-
ponents (PC1, PC2, and PC3) between successive viscosity
values. The plot shows that the directions of the principal
components are highly stable across the range of viscosities,
indicating that the primary modes of variation captured by
the latent space are robust to changes in fluid viscosity.

Table 3. Cosine Similarities of Top 3 PCs between Succes-
sive Viscosities (Selected Pairs)

Visc. Idx Pair  Viscosity Pair  Sim(PC1) Sim(PC2)
0-;,1 0.0100-;0.0121 1.0000 1.0000
11-,12 0.0825-;0.1000 0.9977 0.9975
13-;14 0.1212-;0.1468 0.9898 0.9898
14-;15 0.1468-;0.1778 0.9885 0.9885
23-;24 0.8254-;1.0000 0.9979 0.9997

While slight dips in similarity are observed for PC1 and
PC2, particularly around intermediate viscosities (e.g.,
viscosity pairs 13-;14 and 14-;15, corresponding to the
range v ~ 0.12 to v =~ 0.18), where values are around
0.988-0.990, PC3 maintains even higher stability, often
above 0.995. This high degree of stability suggests that
the PINN has identified a set of fundamental, viscosity-
invariant modes or features that constitute the primary
axes of the latent representation, even though the extent
to which these modes contribute to the overall variance
changes with viscosity.

3.3. Fractal dimension of the latent space

To complement the linear analysis provided by PCA,
we estimated the correlation dimension (a measure of
fractal dimension) of the latent space point cloud for
each viscosity value. This provides a different perspec-
tive on the geometric complexity and intrinsic dimen-
sionality of the data manifold, potentially revealing non-
linear structure. The Grassberger-Procaccia algorithm
was applied to the standardized 10-dimensional latent

space data (10403 samples per viscosity). ?? and ?7
summarize these results.

Estimated Fractal Dimension of Latent Space vs. Viscosity
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Figure 4. Estimated fractal dimension of the latent space as
a function of viscosity. The fractal dimension exhibits a non-
monotonic dependence, peaking at intermediate viscosities
(~0.1-0.15), suggesting maximal latent space complexity in
this regime.

Table 4. Estimated Fractal Dimensions vs. Viscosity (Se-
lected Viscosities)

Viscosity Index Estimated Fractal Dimension

0 1.4986
6 1.5970
9 1.6922
12 1.7443
13 1.7499
14 1.7499
18 1.6854
24 1.5325

The estimated fractal dimension values, presented in
7?7 and visualized in 7?7, are consistently low, ranging
from approximately 1.50 to 1.75 across all viscosities.
These values are significantly lower than the embedding
dimension (10) and also generally lower than the ef-
fective dimensionality suggested by PCA (3-4). This
supports the idea that the latent space data lies on
a lower-dimensional manifold embedded within the 10-
dimensional space, and this manifold is likely non-linear.

Importantly, the fractal dimension exhibits a non-
monotonic dependence on viscosity, as clearly shown
in ??7. It starts at approximately 1.50 at the lowest
viscosity (v = 0.01), gradually increases as viscosity
rises, reaching a peak value of around 1.75 for inter-
mediate viscosities (specifically, between v ~ 0.1 and
v = 0.15, indices 12, 13, 14, see ?77). As viscosity con-
tinues to increase beyond this peak, the fractal dimen-



sion decreases again, settling around 1.53 at the highest
viscosity (v = 1.0). This non-monotonic behavior sug-
gests that the geometric complexity of the learned latent
representation is not a simple function of viscosity but
reaches maximum complexity in an intermediate regime.

3.4. Discussion: Viscosity as a scale parameter and
the renormalization group analogy

The combined results from PCA and fractal dimen-
sion analysis provide a comprehensive picture of how
the PINN'’s latent space structure evolves with viscosity.
These findings can be interpreted using an analogy with
Renormalization Group (RG) theory, where viscosity is
viewed as a parameter analogous to a physical scale. In
this framework, low viscosity corresponds to small scales
(UV regime), where dissipative effects are weak and fine
structures can develop, while high viscosity corresponds
to large scales (IR regime), where dissipation dominates
and smooths out solutions.

The observed systematic changes in the latent space
structure align conceptually with how relevant degrees
of freedom change under an RG flow:

1. Shift in Variance Distribution (Relative Im-
portance of Modes): The decrease in PCl’s
dominance and the increase in the relative con-
tributions of PC2 and PC3 as viscosity increases
from low to high (?7, ??) suggest a shift in the pri-
mary modes or features that capture the system’s
variability. At low viscosity (UV-like), perhaps
a single dominant structure (like a sharp shock
front) accounts for most of the variance, repre-
sented by PC1. As viscosity increases (flowing to-
wards the IR), the solutions become smoother, and
the variance becomes more distributed among dif-
ferent features or modes, which are captured by
the stable principal components. This is analo-
gous to how different operators or modes become
more or less relevant as the scale changes in an RG
flow.

2. Effective Dimensionality: The consistently
low effective dimensionality (3-4 PCs for >90%-
95% variance, 7?7, ??) across all viscosities indi-
cates that the PINN successfully compresses the
complex, high-dimensional solution space of the
Burger’s equation into a much lower-dimensional
latent manifold. The subtle increase from 3 to 4
PCs required for 95% variance around v = 0.12
might suggest that in this intermediate regime,
slightly more degrees of freedom are needed to cap-
ture the finer details of the latent representation
compared to the very low or very high viscosity
limits.
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3. Stability of Principal Component Direc-
tions (Invariant Features): The remarkable
stability of the top principal component directions
(PC1, PC2, PC3) across viscosity changes (77,
?77?) is a significant finding. It implies that the
PINN has learned a set of fundamental, orthog-
onal directions (features) in its latent space that
are robust to variations in viscosity. While the
importance of these features (measured by EVR)
changes, the features themselves (their orientation
in the 10D space) remain largely invariant. In the
RG analogy, these stable PCs could be seen as
corresponding to ”relevant operators” whose form
persists across different scales, even if their ”cou-
plings” (EVRs) run with scale.

4. Geometric Complexity (Fractal Dimen-
sion): The non-monotonic behavior of the fractal
dimension (??, ?77?) is particularly insightful. The
peak complexity at intermediate viscosities (v =
0.1 —0.15) suggests that the latent manifold is ge-
ometrically richest in this regime. At very low vis-
cosity (approaching the inviscid limit where shocks
are sharp discontinuities), the solution structure
might be simpler in latent space, leading to a
lower fractal dimension (=~ 1.5). As viscosity in-
creases, the interplay between non-linearity and
diffusion becomes more complex, potentially lead-
ing to a richer set of dynamical structures that are
encoded as a more complex latent manifold with
a higher fractal dimension (= 1.75). At very high
viscosity (dominated by diffusion), the solutions
become very smooth, potentially simplifying the
latent manifold structure again, resulting in a de-
crease in fractal dimension (~ 1.53). This peak in
complexity mirrors phenomena in dynamical sys-
tems theory where complexity measures can peak
at transitions between different qualitative behav-
iors.

Synthesizing these observations, the PINN’s latent
space seems to encode viscosity not just as a parame-
ter but as a modulator of the system’s effective descrip-
tion. As viscosity changes, the relative importance of
learned features shifts, the effective dimensionality sub-
tly changes how variance is distributed, the core fea-
tures themselves remain stable, and the geometric com-
plexity of the underlying manifold evolves non- mono-
tonically. This behavior is highly suggestive of an RG-
like flow, where viscosity tunes the system’s scale, al-
tering which degrees of freedom are most relevant and
how complex the effective description of the system is.
The PINN, therefore, appears to have learned a rep-
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resentation that naturally reflects the scale-dependent
nature of the physical system governed by the Burger’s
equation, providing a potential avenue for interpreting
such learned representations using established theoreti-
cal frameworks from physics.

4. CONCLUSIONS

In this study, we investigated the 10-dimensional
latent space of a Physics-Informed Neural Network
(PINN) trained to solve the two-dimensional Burger’s
equation across a range of 25 distinct viscosity values.
The primary goal was to understand how this key phys-
ical parameter is encoded within the network’s internal
representation and to explore analogies with physical
theories like the Renormalization Group (RG). Inter-
preting the latent spaces of deep learning models, par-
ticularly PINNs, remains a significant challenge, hinder-
ing our ability to fully leverage them for scientific insight
beyond prediction.

The dataset consisted of the activation values from a
specific hidden layer of a pre-trained PINN, capturing
the latent representation of the Burger’s equation solu-
tion at various spatial points, time instances, and for
each of the 25 specified viscosity values. For analysis,
the 10-dimensional latent space data for each viscosity
was treated as a point cloud of over 10,000 samples.

To quantitatively characterize the latent space struc-
ture and its dependence on viscosity, we employed
two complementary dimensionality analysis techniques.
First, Principal Component Analysis (PCA) was applied
independently to the standardized latent space data for
each viscosity. This allowed us to quantify the distribu-
tion of variance, estimate the effective dimensionality,
and assess the stability of the dominant principal com-
ponents across different viscosity settings. Second, we
estimated the Correlation Dimension, a type of fractal
dimension, for the latent space point cloud at each vis-
cosity using the Grassberger-Procaccia algorithm. This
provided a measure of the geometric complexity and in-
trinsic dimensionality of the underlying data manifold.

Our analysis yielded several key results. PCA con-
sistently showed that the latent space is effectively low-
dimensional across all viscosities, with just 3 principal
components capturing over 90% of the variance and 3
or 4 components capturing over 95%. While the ef-
fective dimensionality remained low, the distribution of
variance among the top components shifted systemati-
cally with viscosity: the fraction of variance explained
by the first principal component decreased as viscos-
ity increased, while the contributions of the second and
third components increased. Importantly, the direc-
tions of the dominant principal components in the 10-

dimensional space were found to be remarkably stable
across viscosity values, exhibiting cosine similarities con-
sistently close to 1.0 between successive viscosity set-
tings. The estimated fractal dimension of the latent
space, ranging between 1.5 and 1.75, revealed a non-
monotonic dependence on viscosity, peaking at interme-
diate values before decreasing again at higher viscosities.

From these results, we learned that the PINN’s la-
tent space encodes viscosity not merely as a static in-
put but as a dynamic parameter that shapes the struc-
ture and complexity of the learned representation. The
consistently low effective dimensionality suggests that
the PINN successfully identifies and compresses the es-
sential features of the Burger’s equation solutions onto
a low-dimensional manifold. The systematic shift in
variance distribution among the stable principal com-
ponents indicates that while the fundamental "modes”
or "features” captured by these components remain in-
variant in their spatial orientation, their relative impor-
tance or contribution to the overall variability of the
system’s state changes significantly with viscosity. This
is analogous to how different degrees of freedom become
more or less relevant as a physical system is probed at
different scales, as described in Renormalization Group
theory. The non-monotonic behavior of the fractal di-
mension further highlights that the intrinsic geometric
complexity of the latent representation is not a simple
linear function of viscosity but exhibits richer behavior,
potentially reflecting transitions between different phys-
ical regimes of the Burger’s equation (e.g., inviscid-like
behavior at low viscosity, diffusive-dominated behavior
at high viscosity, and complex interplay in between).
By drawing an analogy between viscosity and a scale
parameter in an RG flow, our findings suggest that the
PINN’s latent space learns a representation whose evolu-
tion with viscosity mirrors the scale-dependent changes
in relevant degrees of freedom seen in physical systems.
This work provides a novel perspective on interpreting
the internal workings of PINNs, suggesting that con-
cepts from theoretical physics, such as RG, can offer
valuable frameworks for understanding how these net-
works encode physical parameters and capture the mul-
tiscale nature of physical phenomena.



