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ABSTRACT
Gravitational-wave parameter inference critically depends on waveform models, but current com-

parisons often overlook significant high-dimensional structural differences in posterior distributions by
focusing solely on one-dimensional marginals. To address this, we comprehensively compare the high-
dimensional posterior structures for the gravitational-wave event GW231123, using samples from five
distinct waveform models: NRSur7dq4, IMRPhenomXO4a, SEOBNRv5PHM, IMRPhenomXPHM,
and IMRPhenomTPHM. Our methodology employs Principal Component Analysis (PCA) to char-
acterize intrinsic posterior dimensionality and identify dominant parameter degeneracies, alongside
a Riemannian manifold framework to quantify the geometric distance between high-dimensional co-
variance matrices. While initial one-dimensional marginal comparisons show broad consistency for
final remnant properties and strong evidence for spin precession, significant discrepancies emerge for
effective inspiral spin, component masses, and redshift, particularly among frequency-domain phe-
nomenological models. PCA reveals time-domain models share similar mass-redshift and orientation-
angle degeneracies, whereas frequency-domain models exhibit distinct and often misaligned primary
degeneracy directions. Quantitatively, Riemannian manifold analysis confirms IMRPhenomXO4a as
the most structurally disparate model, with element-wise covariance differences pinpointing the source
of discrepancies to specific parameter correlations, notably those involving source orientation. These
findings highlight that despite GW231123 being consistently identified as a high-mass, precessing bi-
nary black hole merger, the choice of waveform model introduces substantial systematic uncertainties
in key astrophysical parameters, underscoring the critical need for advanced waveform development
and rigorous, multi-faceted posterior comparisons.

Keywords: Astrostatistics, Affine invariant, Posterior distribution, Credible region, Principal compo-
nent analysis

1. INTRODUCTION
The burgeoning field of gravitational-wave (GW) as-

tronomy has ushered in an era of unprecedented discov-
ery, allowing us to probe the most extreme phenomena
in the Universe, from the mergers of black holes and neu-
tron stars to the dynamics of the early cosmos. Central
to unlocking the full scientific potential of these obser-
vations is the accurate inference of astrophysical param-
eters describing compact binary coalescences (CBCs).
This parameter inference critically depends on theoreti-
cal waveform models that predict the gravitational-wave
signal emitted by these systems. These models repre-
sent a diverse landscape, ranging from computationally
intensive numerical relativity (NR) simulations, which
provide the most accurate solutions to Einstein’s equa-
tions, to efficient analytical approximations based on
post-Newtonian theory or the effective one-body frame-

work, and hybrid phenomenological models that balance
accuracy with computational efficiency.
While these waveform models have enabled ground-

breaking discoveries, they inherently involve approxi-
mations and numerical trade-offs. As gravitational-wave
detectors continue to improve in sensitivity, pushing the
boundaries of precision in parameter estimation, the
subtle differences and inherent approximations within
these models can introduce systematic uncertainties. A
robust understanding of these model-dependent biases is
therefore paramount for drawing reliable astrophysical
conclusions. Traditionally, comparisons of parameter
inference results across different waveform models often
rely on examining one-dimensional (1D) marginal poste-
rior distributions or two-dimensional (2D) corner plots.
While these visualizations offer valuable insights into in-
dividual parameter constraints and simple pairwise cor-
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relations, they inherently project the high-dimensional
posterior distribution onto lower dimensions. This pro-
jection can obscure significant structural differences,
complex parameter degeneracies, and subtle shifts in
the overall shape of the posterior landscape. The core
problem is that if different models yield posteriors that
appear broadly consistent in 1D or 2D but are struc-
turally distinct in their full high-dimensional represen-
tation, our astrophysical interpretations could be sys-
tematically biased or incomplete. Quantifying and un-
derstanding these high-dimensional structural discrep-
ancies is challenging due to the inherent complexity of
multi-parameter spaces and the strong, often non-linear,
correlations characteristic of gravitational-wave param-
eter inference.
This paper addresses this fundamental challenge by

introducing a comprehensive, multi-faceted method-
ology designed to unveil and quantify these high-
dimensional structural discrepancies in gravitational-
wave posterior distributions. We focus our analysis on
the gravitational-wave event GW231123, a high-mass,
precessing binary black hole merger, which serves as an
ideal testbed for such a study given its complex dynam-
ics that stress current waveform models. Our approach
systematically compares the high-dimensional posterior
structures generated by five distinct waveform mod-
els: NRSur7dq4, IMRPhenomXO4a, SEOBNRv5PHM,
IMRPhenomXPHM, and IMRPhenomTPHM. Our pri-
mary aim is to move beyond superficial comparisons to
precisely identify and attribute model-dependent varia-
tions in the inferred parameters by analyzing the under-
lying geometric and statistical properties of the posterior
landscapes.
To achieve this, we employ two complementary quan-

titative techniques. First, we utilize Principal Compo-
nent Analysis (PCA) to characterize the intrinsic di-
mensionality of each posterior and identify its dominant
axes of parameter degeneracy. By comparing the ex-
plained variance spectra and, crucially, the orientation
of these principal components across different waveform
models, we can directly reveal differences in the primary
correlations and effective degrees of freedom that gov-
ern the posterior landscape for each model. This allows
us to pinpoint specific combinations of astrophysical pa-
rameters that form the leading degeneracies and assess
their consistency across models. Second, we adopt a ro-
bust Riemannian manifold framework to compare the
full high-dimensional covariance matrices derived from
the posterior samples. These covariance matrices, which
encapsulate all pairwise variances and correlations, rep-
resent the complete local shape and orientation of the
posterior distribution. We treat these matrices as points

on a Riemannian manifold of Symmetric Positive Defi-
nite (SPD) matrices, enabling the computation of a ge-
ometrically meaningful distance. Specifically, we quan-
tify the distance between models on this manifold us-
ing the affine-invariant Riemannian metric, defined as
d(CA, CB) =

∥∥∥log(C−1/2
A CBC

−1/2
A )

∥∥∥
F
, where CA and

CB are the covariance matrices of two models, ∥·∥F
is the Frobenius norm, and log(·) is the matrix loga-
rithm. This metric provides a robust, high-dimensional
measure of the overall structural discrepancy between
posterior distributions, invariant to linear transforma-
tions. Furthermore, by performing element-wise com-
parisons of these covariance matrices, we can directly
pinpoint the specific parameter variances and correla-
tions that drive these measured distances, thus attribut-
ing the source of the structural discrepancies.
By systematically analyzing the differences revealed

by both PCA and the covariance manifold comparison,
we aim to precisely identify which specific astrophys-
ical parameters and their correlations are most sensi-
tive to the choice of waveform model. This rigorous,
multi-faceted approach allows us to draw robust conclu-
sions about the intrinsic properties of GW231123 where
models exhibit structural agreement, and critically, to
clearly delineate the sources of uncertainty and model
dependence where they diverge. The insights gained
from this study will not only enhance our understanding
of GW231123 as a unique astrophysical source but also
provide crucial guidance for future gravitational-wave
waveform development and for improving the reliability
and precision of astrophysical inferences from current
and future observations.

2. METHODS
2.1. Data loading and preprocessing

Our analysis commenced with the acquisition of
posterior samples for the gravitational-wave event
GW231123, obtained from Bayesian parameter infer-
ence campaigns utilizing five distinct gravitational-wave
waveform models. These models represent a diverse
set of theoretical approximations and computational
methodologies: NRSur7dq4 (a numerical relativity sur-
rogate model), IMRPhenomXO4a, SEOBNRv5PHM,
IMRPhenomXPHM, and IMRPhenomTPHM (various
phenomenological models spanning frequency and time
domains). Each model’s posterior samples were pro-
vided as CSV files, which were loaded into memory us-
ing pandas DataFrames in a dictionary structure, with
model names serving as keys. This organization facili-
tated systematic processing and comparison across mod-
els.
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For the subsequent high-dimensional structural anal-
ysis, specifically Principal Component Analysis (PCA)
and covariance manifold comparisons, a precise se-
lection of parameters was crucial. To avoid intro-
ducing artificial linear dependencies and to ensure a
clean basis for characterizing intrinsic posterior ge-
ometry, we restricted our analysis to a core set of
nine fundamental, independent source-frame astrophys-
ical parameters: mass_1_source, mass_2_source, a_1,
a_2, cos_tilt_1, cos_tilt_2, redshift, cos_theta_jn,
and phi_jl. Parameters such as chi_eff, chi_p,
final_mass_source, or final_spin, while astrophysically
significant, are derived quantities from these funda-
mental parameters and were therefore excluded from
the high-dimensional structural analysis to prevent
confounding the variance and covariance calculations.
These derived parameters were, however, retained for
one-dimensional marginal comparisons and astrophysi-
cal interpretation.

2.2. Exploratory data analysis and baseline comparison
Prior to deep structural comparisons, an exploratory

data analysis (EDA) was performed to establish a base-
line understanding of each model’s posterior constraints.
For each of the five waveform models, summary statis-
tics were computed for a comprehensive set of key as-
trophysical parameters, including both the nine pri-
mary parameters selected for high-dimensional analysis
and important derived parameters (e.g., chi_eff, chi_p,
final_mass_source, final_spin). These statistics in-
cluded the mean, standard deviation, and the 90% cred-
ible interval (defined by the 5th and 95th percentiles).
The results were compiled into tabular form, provid-
ing an initial quantitative overview of the consistency
and discrepancies in parameter constraints across mod-
els. This initial comparison, as exemplified by the sum-
mary statistics in Table 1, revealed broad agreement for
final remnant properties and redshift, but hinted at sub-
tle differences in spin parameters, motivating the need
for higher-dimensional analysis.

2.3. Intrinsic degeneracy analysis via Principal
Component Analysis (PCA)

To characterize the intrinsic dimensionality and iden-
tify the dominant axes of parameter degeneracy within
each posterior, we employed Principal Component Anal-
ysis (PCA). PCA is a linear dimensionality reduction
technique that transforms the data into a new coordi-
nate system such that the greatest variance by any pro-
jection lies on the first coordinate (called the first prin-
cipal component), the second greatest variance on the
second coordinate, and so on.

2.3.1. Standardization

Before applying PCA, it was imperative to standard-
ize the 9-dimensional parameter space for each model in-
dependently. This was achieved using a standard scaling
approach, where each parameter’s samples were trans-
formed to have a zero mean and unit variance. This
standardization prevents parameters with larger numer-
ical scales from disproportionately influencing the vari-
ance calculations and ensures that the principal com-
ponents reflect the true underlying correlations rather
than mere differences in parameter units or ranges. The
StandardScaler from the scikit-learn library was
utilized for this purpose, applied separately to the pos-
terior samples of each of the five waveform models.

2.3.2. PCA execution

Following standardization, PCA was applied to each
of the five transformed datasets. For each model, this
process yielded a set of nine principal components (PCs),
which are the eigenvectors of the covariance matrix of
the standardized data. These PCs represent orthogonal
directions in the 9-dimensional parameter space along
which the data exhibits maximum variance. Concur-
rently, the explained variance associated with each PC
(the corresponding eigenvalues) was computed, quanti-
fying the proportion of the total variance captured by
each principal component.

2.3.3. Intrinsic dimensionality comparison

The cumulative explained variance for each model was
calculated to assess the effective intrinsic dimensionality
of its posterior distribution. The ”intrinsic dimension-
ality” was defined as the minimum number of principal
components required to capture 95% of the total vari-
ance. By comparing this metric across the five models,
we could infer whether certain waveform models yielded
posterior landscapes with fundamentally different com-
plexities or effective degrees of freedom in their param-
eter degeneracies.

2.3.4. Principal component alignment

A crucial aspect of our PCA-based comparison in-
volved analyzing the orientation and composition of the
principal components across models. For each model,
we examined the loadings (coefficients) of the original
nine parameters on the first 3-4 principal components.
These loadings directly reveal which combinations of
physical parameters contribute most significantly to the
leading degeneracies. For instance, a strong negative
loading for mass_1_source and a strong positive loading
for mass_2_source on the same PC would indicate an
anti-correlation, often associated with a well-constrained
chirp mass.
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To quantitatively compare these degeneracy direc-
tions between different models, we computed the ab-
solute value of the dot product between corresponding
principal component vectors. For any two models, say
Model A and Model B, the alignment of their k-th prin-
cipal components (PCA

k and PCB
k ) was quantified by

|PCA
k · PCB

k |. A value close to 1 indicates that the two
models share a very similar degeneracy direction for that
specific principal component, implying structural agree-
ment. Conversely, a value close to 0 suggests orthog-
onality, indicating that the principal degeneracy direc-
tions are fundamentally different and misaligned. This
analysis was systematically performed for the top three
principal components across all pairwise model combi-
nations.

2.4. Covariance manifold comparison
While PCA provides insights into the dominant axes

of variance, a comparison of the full high-dimensional
covariance matrices offers a more complete measure of
the posterior’s shape and orientation. This approach
directly quantifies the geometric distance between the
full correlation structures of the different models.

2.4.1. Covariance matrix computation

For each of the five waveform models, the 9x9 sam-
ple covariance matrix was computed from the standard-
ized 9-dimensional posterior samples. Let these matri-
ces be denoted as CNRSur, CIMRXO4a, CSEOBNRv5PHM,
CIMRPhenomXPHM, and CIMRPhenomTPHM. These covari-
ance matrices encapsulate all pairwise variances (diag-
onal elements) and covariances (off-diagonal elements)
between the nine selected parameters, thereby repre-
senting the complete local quadratic approximation of
the posterior distribution’s shape.

2.4.2. Geometric distance between models

To quantify the structural dissimilarity between these
high-dimensional posterior distributions, we treated
their covariance matrices as points on a Riemannian
manifold of Symmetric Positive Definite (SPD) matri-
ces. This framework allows for the computation of a
geometrically meaningful distance that is invariant to
affine transformations, providing a robust measure of
structural discrepancy.
For every unique pair of models (e.g., Model A with

covariance CA and Model B with covariance CB), the
affine-invariant Riemannian distance was computed us-
ing the following formula:

d(CA, CB) =
∥∥∥log(C−1/2

A CBC
−1/2
A )

∥∥∥
F

Here, C−1/2
A denotes the inverse square root of matrix

CA, log(·) is the matrix logarithm, and || · ||F is the

Frobenius norm. The Frobenius norm of a matrix M is
defined as ||M ||F =

√∑
i,j |Mij |2. This metric quan-

tifies the ”geodesic” distance between two points (co-
variance matrices) on the SPD manifold. The results
of these pairwise distance calculations were compiled
into a 5x5 symmetric distance matrix, where diagonal
entries are zero and off-diagonal entries (i, j) represent
the distance between model i and model j. This matrix
provided a global, quantitative summary of the over-
all structural similarity or discrepancy among all wave-
form models. Smaller distances indicate higher struc-
tural agreement, while larger distances signify signifi-
cant differences in the posterior geometry.

2.4.3. Pinpointing sources of discrepancy

While the Riemannian distance matrix provided a
quantitative measure of overall structural differences, it
did not directly identify the specific parameter correla-
tions responsible for these discrepancies. To pinpoint
the sources of the largest distances, an element-wise
analysis of the covariance matrices was performed. For
model pairs exhibiting the largest Riemannian distances,
the difference matrix ∆C = CA − CB was computed.
Inspection of the elements of ∆C allowed for direct

attribution of discrepancies:

• Diagonal Elements: The diagonal elements,
(∆C)kk, represented the difference in the variance
of parameter k between Model A and Model B.
A large positive value for (∆C)kk indicated that
Model A exhibited a significantly larger uncer-
tainty (a wider marginal posterior) for parameter
k compared to Model B.

• Off-Diagonal Elements: The off-diagonal ele-
ments, (∆C)kl (where k ̸= l), represented the dif-
ference in the covariance between parameter k and
parameter l. Large absolute values for these ele-
ments indicated that the strength and/or orienta-
tion of the correlation between parameters k and l

differed substantially between the two models, di-
rectly revealing shifts in parameter degeneracies.

This detailed analysis allowed us to move beyond simply
identifying that models differ, to precisely understand-
ing how and why they differ in their high-dimensional
posterior structure.

2.5. Synthesis and astrophysical interpretation
The final stage of our methodology involved synthe-

sizing the insights gained from the PCA and covariance
manifold analyses to draw robust astrophysical conclu-
sions and clearly delineate model-dependent uncertain-
ties for GW231123.
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2.5.1. Identifying robust features

Features of the GW231123 system were deemed ro-
bust to waveform model choice if they exhibited strong
agreement across all analytical perspectives. This was
evidenced by:

• Consistent one-dimensional marginal distributions
in the initial EDA.

• Well-aligned principal components (dot products
close to 1) related to those parameters.

• Small pairwise Riemannian distances between
models.

• Similar corresponding variance and covariance
terms when comparing covariance matrices
element-wise.

Astrophysical conclusions drawn about such features
can be considered highly reliable, irrespective of the spe-
cific waveform model employed.

2.5.2. Identifying model-dependent uncertainties

Conversely, areas of significant disagreement across
the analyses highlighted model-dependent uncertainties.
These were identified where:

• PCA revealed misaligned degeneracy directions,
indicating different primary correlations.

• The Riemannian distance between model pairs was
large, signifying substantial overall structural dif-
ferences.

• The covariance difference matrices showed large
entries for specific parameter variances or covari-
ances, directly pointing to differing uncertainties
or correlations.

For each major discrepancy, a clear attribution was pro-
vided, linking the observed structural difference to spe-
cific parameters or their correlations. For example, a
discrepancy might be attributed to differences in the
chi_p-cos_theta_jn correlation, as evidenced by mis-
aligned principal components and large off-diagonal ele-
ments in the covariance difference matrix. This rigorous,
multi-faceted approach allowed us to precisely character-
ize the impact of waveform model choice on the inferred
properties of GW231123, providing crucial guidance for
future waveform development and enhancing the relia-
bility of astrophysical inferences.

3. RESULTS
An in-depth analysis of the gravitational-wave event

GW231123 was conducted using posterior samples gen-
erated from five distinct waveform models: NRSur7dq4,
IMRPhenomXO4a, SEOBNRv5PHM, IMRPhenomXPHM, and
IMRPhenomTPHM. As outlined in the Introduction, the
primary objective was to move beyond one-dimensional
marginal comparisons and dissect the high-dimensional
structure of the posterior distributions. By employ-
ing Principal Component Analysis (PCA) and a Rie-
mannian manifold framework for covariance matrices,
as detailed in the Methods, this study quantifies the
structural agreements and discrepancies between mod-
els, identifies the physical parameters driving these dif-
ferences, and establishes robust astrophysical conclu-
sions about the source.

3.1. Initial assessment: marginal posterior
distributions

A preliminary comparison of the one-dimensional (1D)
marginal posterior distributions, as part of our ex-
ploratory data analysis, provides an initial overview of
model consistency and highlights areas of divergence.
The summary statistics, detailing the median and 90%
credible intervals for a comprehensive set of key param-
eters, are presented in Table 1. A visual representation
of these marginal distributions for key astrophysical pa-
rameters is provided in Figure 1.
From this initial assessment, as observed in Figure 1

and Table 1, several broad agreements emerge. Parame-
ters describing the final state of the remnant black hole,
such as final_mass_source and final_spin, show rea-
sonable consistency across most models. This sug-
gests that the total radiated energy and angular mo-
mentum emitted during the merger are relatively well-
constrained by the gravitational-wave signal, regardless
of the specific waveform model used. Furthermore, the
effective spin precession parameter, chi_p, is consis-
tently inferred to be high across all models. This pro-
vides strong evidence for significant spin-orbit preces-
sion in the binary system, a characteristic that can shed
light on the binary’s formation channel.
However, despite these areas of agreement, significant

discrepancies emerge for several key source parameters,
underscoring the necessity for deeper, high-dimensional
analysis as motivated in the Introduction. For instance,
the IMRPhenomXPHM model yields a notably lower red-
shift and a near-zero effective inspiral spin (chi_eff),
placing it at odds with the other four models, which
generally favor positive chi_eff values (Figure 1). The
value of chi_eff is a crucial tracer of binary black hole
formation history, with near-zero values often associ-
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Figure 1. One-dimensional marginal posterior distributions
for key astrophysical parameters of GW231123, derived from
five distinct waveform models. While the effective preces-
sion parameter (χp) and remnant properties show consis-
tency across models, significant model-dependent variations
are observed for component masses, effective inspiral spin
(χeff), and redshift, highlighting areas of systematic uncer-
tainty in the inference.

ated with dynamical assembly in dense stellar environ-
ments and aligned positive values with isolated binary
evolution. Such a stark difference immediately high-
lights a major model-dependent uncertainty. Similarly,
the IMRPhenomXO4a model infers a significantly lower
secondary mass (mass_2_source) and a higher redshift
compared to the others (Figure 1). These disagreements
in 1D marginals hint at fundamental underlying differ-
ences in how the models handle complex parameter de-
generacies, which are not apparent from marginal dis-
tributions alone.

3.2. Unveiling posterior structure with principal
component analysis

To probe the internal correlation structure of the pos-
teriors and identify the dominant axes of parameter
degeneracy, Principal Component Analysis (PCA) was
performed on a standardized 9-dimensional parameter
space for each model, as detailed in the Methods sec-
tion.

3.2.1. Intrinsic dimensionality

The complexity of the posterior landscape can be char-
acterized by its intrinsic dimensionality, which we define
as the minimum number of principal components (PCs)
required to explain 95% of the total variance. As illus-
trated in the cumulative explained variance plot (Figure

2), the NRSur7dq4, IMRPhenomXO4a, and SEOBNRv5PHM
models each require 7 PCs to reach this threshold. In
contrast, the IMRPhenomXPHM and IMRPhenomTPHM mod-
els require 8 PCs. This observation suggests that the
posterior distributions of the latter two models possess
a slightly higher degree of complexity or are less con-
strained by the data, requiring an additional dimen-
sion to capture the full variance within the 9-parameter
space. This difference in intrinsic dimensionality is an
initial indicator that the models are exploring the pa-
rameter space with varying effective degrees of freedom.

Figure 2. Cumulative explained variance as a function of
the number of principal components for the posterior distri-
butions of five waveform models. The dashed red line indi-
cates the 95% explained variance threshold used to define in-
trinsic dimensionality. The NRSur7dq4, IMRPhenomXO4a, and
SEOBNRv5PHM models explain 95% of the variance with 7 prin-
cipal components, while IMRPhenomXPHM and IMRPhenomTPHM
require 8, indicating that their posterior distributions are
slightly more complex or less constrained.

3.2.2. Structure of principal degeneracies

The physical nature of the dominant degeneracies is
revealed by the loadings (coefficients) of the original pa-
rameters onto the principal components, as visualized in
the heatmap shown in Figure 3. These loadings directly
indicate which combinations of physical parameters con-
tribute most significantly to the leading degeneracies for
each model.
As seen in Figure 3, for the NRSur7dq4, SEOBNRv5PHM,

and IMRPhenomTPHM models, the primary degen-
eracy (PC1) is consistently characterized by a
strong anti-correlation between the component masses
(mass_1_source, mass_2_source) and the redshift.
This is a well-understood and common degeneracy in
gravitational-wave astronomy, where a heavier, more
distant source can produce a similar signal to a lighter,
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Figure 3. Loadings of the first four principal components
for each waveform model, revealing the physical parame-
ters driving the dominant degeneracies. Time-domain mod-
els (NRSur7dq4, SEOBNRv5PHM, IMRPhenomTPHM) ex-
hibit a shared primary mass-redshift degeneracy (PC1) and
secondary orientation-angle degeneracy (PC2). In con-
trast, frequency-domain models (IMRPhenomXO4a, IMR-
PhenomXPHM) show distinct and more complex dominant
degeneracy structures.

closer one due to the amplitude and frequency evolution
of the waveform. This shared PC1 structure indicates
that these three models capture this fundamental de-
generacy in a similar manner.
However, the frequency-domain phenomenologi-

cal models exhibit different primary degeneracies.
IMRPhenomXPHM’s PC1 is primarily dominated by the
mass_1_source-redshift anti-correlation, with a com-
paratively weaker contribution from mass_2_source.
More strikingly, IMRPhenomXO4a’s PC1 is markedly
different, involving strong contributions from spin pa-
rameters (a_1, cos_tilt_1) in addition to mass and
redshift. This suggests that for IMRPhenomXO4a, the
primary axis of uncertainty involves a complex inter-
play between mass, distance, and the individual spins
of the black holes, indicating a fundamentally different
primary degeneracy compared to the other models.
A clear pattern also emerges for the secondary degen-

eracy (PC2) in the time-domain models (Figure 3). For
NRSur7dq4, SEOBNRv5PHM, and IMRPhenomTPHM, PC2 is

dominated by a strong relationship between the bi-
nary’s inclination angle (cos_theta_jn) and the spin
azimuth (phi_jl). This reflects a known degeneracy in
the orientation of the orbital plane relative to the ob-
server, often influencing how precession effects are man-
ifested in the waveform. Once again, IMRPhenomXO4a
and IMRPhenomXPHM show distinct PC2 structures, lack-
ing this clear orientation-angle degeneracy and instead
involving complex mixtures of mass, spin, and orienta-
tion parameters. This implies that the ways in which
these models resolve or are degenerate in source orien-
tation differ substantially.

3.2.3. Quantitative alignment of degeneracy directions

To quantitatively compare the structural similarities
observed in the PC loadings, the alignment of the top
three principal components was computed for all model
pairs using the absolute dot product, as described in the
Methods. The results, displayed in the heatmap in Fig-
ure 4, confirm and quantify the qualitative assessment
from the loadings.

Figure 4. Heatmaps illustrating the pairwise alignment (ab-
solute dot product) of the first three principal components
(PC1, PC2, PC3) for five waveform models. This quan-
tifies the structural similarities in parameter degeneracies
across models. Time-domain models (NRSur7dq4, SEOB-
NRv5PHM, IMRPhenomTPHM) exhibit high alignment for
PC1 (mass-redshift) and PC2 (orientation-angle degenera-
cies), indicating shared dominant uncertainties. Frequency-
domain phenomenological models (IMRPhenomXO4a, IMR-
PhenomXPHM) show poor alignment with the time-domain
models and with each other, revealing fundamentally differ-
ent high-dimensional posterior structures.

As depicted in Figure 4, for PC1, the primary degen-
eracy directions of the time-domain models (NRSur7dq4,
SEOBNRv5PHM, IMRPhenomTPHM) are highly aligned, with
dot products exceeding 0.81. This indicates a shared un-
derstanding of the dominant mass-redshift degeneracy,
confirming their structural consistency in this leading
order uncertainty. In stark contrast, IMRPhenomXO4a
and IMRPhenomXPHM are strongly misaligned with this
group and, notably, with each other. The alignment
between IMRPhenomXO4a and IMRPhenomXPHM is a mere
0.17, confirming their primary degeneracies are nearly
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orthogonal, meaning they describe fundamentally differ-
ent leading axes of uncertainty in the parameter space.
The alignment of the second principal component

(PC2) further reinforces this grouping. NRSur7dq4 and
IMRPhenomTPHM show exceptional alignment (0.91), with
SEOBNRv5PHM also closely aligned (0.81), reflecting their
shared orientation-angle degeneracy. As observed for
PC1, the frequency-domain models are again outliers,
showing poor alignment (<0.3) with the time-domain
group and with each other.
This comprehensive PCA-based analysis demon-

strates that while all models identify a high-dimensional
parameter space, the fundamental structure of the pa-
rameter degeneracies—the primary directions of uncer-
tainty and correlation—differs significantly, as quanti-
fied by the PC alignments in Figure 4. This is partic-
ularly evident between the time-domain and frequency-
domain phenomenological models, highlighting a deep,
structural disagreement in how they map observed
gravitational-wave signals to astrophysical parameters.

3.3. A geometric measure of structural discrepancy
While PCA provides insights into the dominant axes

of variance, a comparison of the full high-dimensional
covariance matrices offers a more complete measure of
the posterior’s overall shape and orientation. To ob-
tain a single, global metric of the structural differ-
ence between these full 9-dimensional posterior shapes,
the affine-invariant Riemannian distance between each
pair of covariance matrices was calculated. This
metric, as defined in the Methods (d(CA, CB) =∥∥∥log(C−1/2

A CBC
−1/2
A )

∥∥∥
F
), treats each covariance matrix

as a point on a manifold, providing a geometrically
meaningful measure of dissimilarity that is robust to lin-
ear transformations.
The resulting distance matrix, visualized in the

heatmap in Figure 5, provides a powerful summary of
inter-model relationships. The largest distance observed
(4.17) is between NRSur7dq4 and IMRPhenomXO4a, quan-
titatively confirming that they possess the most struc-
turally disparate posterior distributions. The anal-
ysis reveals a clear clustering pattern: NRSur7dq4,
SEOBNRv5PHM, and IMRPhenomTPHM form a relatively co-
herent group, with pairwise distances ranging from 2.30
to 3.51. This suggests that these models, despite their
different underlying methodologies (surrogate vs. EOB
vs. phenomenological time-domain), capture the overall
posterior geometry for GW231123 in a broadly consis-
tent manner.
In contrast, IMRPhenomXO4a stands out as a signifi-

cant outlier, being structurally distant from all other
models (with distances consistently greater than 2.77),

Figure 5. Pairwise Riemannian distances between the 9-
dimensional posterior covariance matrices for GW231123
across five waveform models. The largest distance (4.17)
is between NRSur7dq4 and IMRPhenomXO4a, indicating their
posteriors are most structurally disparate. NRSur7dq4,
SEOBNRv5PHM, and IMRPhenomTPHM form a coherent group,
while IMRPhenomXO4a is an outlier, and IMRPhenomXPHM is
intermediate, being most similar to IMRPhenomTPHM (2.22).
This analysis provides a geometric measure of the overall
structural differences between model posteriors.

as clearly shown in Figure 5. This confirms the qual-
itative and quantitative findings from the PCA that
IMRPhenomXO4a’s posterior landscape is fundamentally
different from the rest. IMRPhenomXPHM occupies an in-
termediate position; it is most similar to IMRPhenomTPHM
(distance 2.22), yet still significantly different from the
core NRSur/SEOBNR group. This geometric analysis pro-
vides a robust, quantitative measure of the overall struc-
tural agreement, or lack thereof, among the waveform
models, moving beyond simple marginal comparisons to
assess the full high-dimensional parameter space.

3.4. Pinpointing the sources of model disagreement
While the Riemannian distance quantifies *how dif-

ferent* the models are structurally, it does not directly
identify the specific parameter correlations responsible
for these discrepancies. To pinpoint the sources of the
largest distances, an element-wise analysis of the covari-
ance difference matrix, ∆C = CA−CB , was performed,
focusing on the most discrepant pair: NRSur7dq4 and
IMRPhenomXO4a. The heatmap in Figure 6 visualizes
∆C = CNRSur − CIMRXO4a.
Since the data was standardized prior to covariance

matrix computation, the diagonal elements of ∆C,
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Figure 6. Heatmap showing the element-wise differ-
ence between the covariance matrices of the NRSur7dq4
and IMRPhenomXO4a posterior distributions for GW231123.
The most significant discrepancy is the covariance between
cos_theta_jn and phi_jl (-0.86), highlighting a fundamen-
tal difference in how these models capture orientation-related
degeneracies. This analysis reveals the specific parameter
correlations that drive the overall structural disagreements
between the models.

which represent differences in parameter variances, are
near zero. This indicates that while the overall uncer-
tainty ranges for individual parameters might differ (as
seen in 1D marginals), the *relative* spread of each pa-
rameter within its own scale is broadly similar across
models after standardization. The significant differences
therefore lie in the off-diagonal elements, which repre-
sent the parameter covariances (correlations), as high-
lighted in Figure 6.
The most dramatic discrepancy is observed in the co-

variance between cos_theta_jn (inclination angle) and
phi_jl (spin azimuth), with a difference of -0.86 (Figure
6). This large negative value indicates that NRSur7dq4
finds a strong anti-correlation between these orienta-
tion parameters, whereas IMRPhenomXO4a finds a much
weaker or even positive correlation. This finding per-
fectly corroborates the PCA results (Figures 3 and 4),
where this specific degeneracy defined the second prin-
cipal component for NRSur7dq4 but was notably absent
or fundamentally different in IMRPhenomXO4a. This sug-
gests that the models treat the relationship between
viewing angle and the precession cone’s orientation very
differently.
Other significant differences in covariance, also visible

in Figure 6, highlight further structural disparities:

• mass_2_source – cos_theta_jn (-0.37): The re-
lationship between the secondary mass and the
viewing angle is modeled very differently by the
two waveforms.

• mass_1_source – mass_2_source (0.34): The cor-
relation between the two component masses dif-
fers, indicating varying constraints on the mass
ratio or chirp mass.

• redshift – phi_jl (-0.42): The degeneracy be-
tween the source distance and its azimuthal orien-
tation is inconsistent, implying different ways of
handling extrinsic and intrinsic parameter corre-
lations.

These specific, quantitative differences in the covariance
structure are the fundamental drivers of the large Rie-
mannian distance and the misaligned principal compo-
nents, ultimately leading to the divergent 1D marginal
posteriors observed initially. This element-wise analy-
sis provides a powerful tool for diagnosing the precise
source of model-dependent variations.

3.5. Astrophysical implications and robust conclusions
By synthesizing the insights gained from our multi-

faceted analyses—including 1D marginal comparisons
(Figure 1), PCA of principal degeneracies (Figures 2, 3,
4), geometric distances between full covariance matri-
ces (Figure 5), and element-wise covariance differences
(Figure 6)—we can draw robust astrophysical conclu-
sions about GW231123 and delineate areas of significant
model-dependent uncertainty.

3.5.1. Robust features of GW231123

Despite the observed structural discrepancies, several
key astrophysical properties of GW231123 are consis-
tently inferred across all five waveform models, enhanc-
ing our confidence in these findings:

• High-Mass Nature: All models consistently in-
fer a merger of two massive black holes, with a pri-
mary mass likely exceeding 100 M⊙, and a total
source-frame mass around 230 M⊙, as evidenced
by the 1D marginal posteriors in Figure 1 and sum-
mary statistics in Table 1. This places the com-
ponents firmly in or above the upper stellar mass
gap, suggesting an intriguing formation pathway.

• Significant Spin Precession: The high value
of chi_p (effective precession spin parameter) is a
remarkably robust feature across all five models,
as consistently shown in Figure 1. This provides
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strong evidence that the binary underwent signifi-
cant spin-orbit precession, a dynamic signature of-
ten associated with dynamical formation channels
in dense stellar environments like globular clusters
or active galactic nuclei disks.

• Remnant Properties: The inferred final mass
and final spin of the remnant black hole are
broadly consistent across models, as seen in Figure
1 and Table 1. This suggests that the overall en-
ergy and angular momentum budget of the merger
is well-constrained by the gravitational-wave sig-
nal, irrespective of the specific waveform model
employed.

3.5.2. Model-dependent uncertainties and their impact

Conversely, the choice of waveform model introduces
significant systematic uncertainty in the inference of
specific source properties, primarily driven by differing
treatments of complex parameter degeneracies, as re-
vealed by our high-dimensional analyses.

• Effective Inspiral Spin (chi_eff): The infer-
ence of chi_eff is highly model-dependent. The
stark contrast between IMRPhenomXPHM (prefer-
ring chi_eff ≈ 0) and the time-domain models
like SEOBNRv5PHM and IMRPhenomTPHM (preferring
chi_eff ≈ 0.44) is clearly visible in Figure 1 and
has profound astrophysical implications for the bi-
nary’s formation history. Without further wave-
form development or additional data, a definitive
conclusion on this crucial aspect of GW231123’s
origin remains elusive due to this model depen-
dence.

• Component Masses and Redshift: The struc-
tural differences in the mass-redshift degeneracy,
particularly evident in the misaligned PC1s (Fig-
ures 3 and 4) and varying covariance patterns (Fig-
ure 6), lead to notable variations in the inferred
component masses and the source distance (Figure
1). The discrepancy in mass_2_source between
IMRPhenomXO4a and the other models is a direct
consequence of its distinct primary degeneracy.

• Source Orientation: The analysis reveals that
the most significant structural differences between
models lie in their modeling of orientation-related
degeneracies, specifically involving cos_theta_jn
and phi_jl. The frequency-domain model
IMRPhenomXO4a, in particular, exhibits a poste-
rior geometry for these parameters that is fun-
damentally different from the time-domain mod-
els, as evidenced by its unique PC2 (Figure 3),

poor PC2 alignment with other models (Figure
4), and the large covariance difference in these pa-
rameters (Figure 6). This may be attributable to
approximations inherent in its frequency-domain
construction, such as the stationary phase approx-
imation or the ”twisting-up” framework for pre-
cession, which may not fully capture the complex
dynamics of a highly precessing, high-mass system
like GW231123.

In summary, this comprehensive structural analysis
reveals that while the five waveform models provide a
consistent picture of GW231123 as a high-mass, pre-
cessing binary black hole merger, they exhibit significant
and quantifiable differences in the underlying geometry
of their posterior distributions. The time-domain mod-
els (NRSur7dq4, SEOBNRv5PHM, IMRPhenomTPHM) demon-
strate greater structural consistency among themselves,
particularly in their primary and secondary degener-
acy directions (Figures 3 and 4), and this consistency
is quantified by the Riemannian distances (Figure 5).
The discrepancies highlighted, especially those originat-
ing from the frequency-domain phenomenological mod-
els and pinpointed by the covariance difference analysis
(Figure 6), underscore the critical importance of wave-
form systematics in the era of precision gravitational-
wave astronomy. This work pioneers a methodology for
moving beyond simple marginal comparisons to a rigor-
ous, geometric assessment of model uncertainty, provid-
ing a path toward more robust astrophysical inference.

4. CONCLUSIONS
The burgeoning field of gravitational-wave astronomy

relies critically on accurate waveform models for ro-
bust parameter inference. However, traditional com-
parisons of posterior distributions, often limited to one-
dimensional marginals, risk overlooking significant high-
dimensional structural differences that can lead to sys-
tematic biases in astrophysical conclusions. This paper
addresses this fundamental challenge by introducing a
comprehensive, multi-faceted methodology to unveil and
quantify these high-dimensional structural discrepancies
in gravitational-wave posterior distributions.
Our study focused on the gravitational-wave event

GW231123, analyzing posterior samples derived
from five distinct waveform models: NRSur7dq4,
IMRPhenomXO4a, SEOBNRv5PHM, IMRPhenomXPHM, and
IMRPhenomTPHM. To achieve a deep structural com-
parison, we employed two complementary quantitative
techniques. First, Principal Component Analysis (PCA)
was utilized to characterize the intrinsic dimensional-
ity of each posterior and identify its dominant axes
of parameter degeneracy, assessing both the explained
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variance and the alignment of principal components
across models. Second, we adopted a robust Rieman-
nian manifold framework to quantify the geometric
distance between the full high-dimensional covariance
matrices, which encapsulate all pairwise variances and
correlations. Furthermore, element-wise comparisons
of these covariance matrices allowed us to pinpoint
the specific parameter correlations driving the observed
discrepancies.
Our results reveal a complex landscape of agreement

and disagreement among the waveform models. Initial
one-dimensional marginal comparisons showed broad
consistency for final remnant properties and strong evi-
dence for spin precession (chi_p), indicating these fea-
tures are robustly constrained for GW231123. How-
ever, significant discrepancies emerged for effective in-
spiral spin (chi_eff), component masses, and red-
shift, particularly among the frequency-domain phe-
nomenological models. PCA quantitatively confirmed
these divergences, showing that while time-domain mod-
els (NRSur7dq4, SEOBNRv5PHM, IMRPhenomTPHM) share
similar mass-redshift and orientation-angle degenera-
cies (evidenced by highly aligned principal compo-
nents), the frequency-domain models (IMRPhenomXO4a,
IMRPhenomXPHM) exhibit distinct and often misaligned
primary degeneracy directions. Quantitatively, the Rie-
mannian manifold analysis provided a global measure of
structural disparity, confirming IMRPhenomXO4a as the
most structurally disparate model from the rest, with
a particularly large geometric distance from NRSur7dq4.
Element-wise covariance differences precisely pinpointed
the source of these discrepancies to specific parameter
correlations, notably those involving source orientation
parameters like cos_theta_jn and phi_jl, as well as
component masses and redshift.
From these findings, we draw several key conclusions

about GW231123 and the current state of gravitational-
wave parameter inference. We confidently conclude that
GW231123 is a high-mass, precessing binary black hole
merger, with consistent remnant properties across mod-
els. The strong evidence for spin precession (chi_p)
is a particularly robust feature, suggesting a dynamic
formation channel. However, the choice of wave-
form model introduces substantial systematic uncertain-
ties in other key astrophysical parameters, most no-
tably chi_eff, component masses, and the precise na-
ture of orientation-related degeneracies. The signif-
icant structural differences observed, particularly for
IMRPhenomXO4a, highlight that despite broad agreement
in some 1D marginals, the high-dimensional posterior
landscapes can be fundamentally distinct. These dis-
crepancies likely stem from differing approximations in

the waveform models, especially in their treatment of
complex precessional dynamics and the interplay be-
tween intrinsic and extrinsic parameters. This work
underscores the critical need for continued advanced
waveform development to reduce these model-dependent
biases, especially for complex systems like GW231123.
Furthermore, our methodology provides a rigorous,
multi-faceted framework for future gravitational-wave
studies, enabling a deeper understanding of systematic
uncertainties and fostering more reliable astrophysical
inferences in the era of precision gravitational-wave as-
tronomy.
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